According to the two-band model in the previous theory, the spontaneous magnetic moment due to the orbital motion of electrons in solids points to a special direction given by the interband matrix element of the angular momentum of an electron around the lattice site to which it belongs. For the three-fold degenerate bands, the free energy of the system is shown to be independent of the direction of the magnetic moment. Also, the previous theory is extended into the case of an arbitrary electron number, taking into account the antiferro-ordering. The solution of the ordering equations in the ferro-and antiferro-phases leads to the maximum magnitude of the magnetic moment to be expected for the degenerate p-and d(t,g)-states, and the orbital phase diagram is obtained with the result that, for the electron number per atom between 1 and 2, the antiferro-phase rather than the ferro-phase is stable. § l. Introduction When the magnetic moment M due to the orbital motion of electrons in solids IS assumed to be the sum of the angular momentum l around each site, the Fourier component of M arising from electrons with spin (J is written as according to the previous theory 11 which is referred to as I hereafter. Here Ne is the electron number in a solid with N lattice points, and Js the real quantity proportional to the interband matrix element of l with respect to the real W annier functions with the band index vi. Furthermore, (1· 3) with q c_c 0 or Q is a real quantity treated in this paper and has the meaning of the orbital ferro-or antiferro-ordering parameter relating to the magnetic moment of solids. In this paper, ~cve put the possibility of other orderings out of consider-*l Present addresc;: Fukuoka Institute of Technology, Fukuoka 811-02.
When the magnetic moment M due to the orbital motion of electrons in solids IS assumed to be the sum of the angular momentum l around each site, the Fourier component of M arising from electrons with spin (J is written as according to the previous theory 11 which is referred to as I hereafter. Here Ne is the electron number in a solid with N lattice points, and Js the real quantity proportional to the interband matrix element of l with respect to the real W annier functions with the band index vi. Furthermore, (1· 3) with q c_c 0 or Q is a real quantity treated in this paper and has the meaning of the orbital ferro-or antiferro-ordering parameter relating to the magnetic moment of solids. In this paper, ~cve put the possibility of other orderings out of consider- ation. Here, with the lattice constant a, Q = rc/ a· (1, 1, 1) for the simple cubic lattice and Q = 2rc/ a· (1, 0, 0) for the body centered cubic lattice. In the above expression, < · ·-) is the expectation value by the Hamiltonian of the system. In I, we have pointed out the possibility of the orbital ferro-ordering in solids with small electron number (n~l) by the two-band model, in which n =Ne/ N is the electron number per atom. According to this model, the spontaneous magnetic moment is restricted in the direction of p," as seen from Eq. (1·1). Therefore, the two band model is special with respect to the direction of Mq. This restriction may be removed if the bands more than two are considered.
A main purpose of this paper is, by the use of the three-fold degenerate bands, to make an investigation on the direction of the magnetic moment and to examine if the maximum magnitude of the ordering parameter takes the value to be expected in the case of the degenerate P-and d (t2g) -states. We also make an extension of I into the case of arbitrary n taking into account the possibility of the antiferro-ordering and find the orbital phase diagram for the stabilities of the ferro-and antiferro-states from the comparison between the free energies in these states.
Throughout this paper we make the Hartree-Fock treatment by the use of the Hamiltonian decoupled by taking into account the difference between the Coulomb and exchange parameters as in I. We consider only the up-spin state as in the case of the saturated spm ferro-state to investigate the feature concerning the orbital ordering alone and so omit the spin index (J in the above expressions. § 2. Diagonalization of Hamiltonian and direction of magnetic moment
In the same way as in I, we make the decoupling of the electron interaction term in the Hamiltonian described on the Hartree-Fock base for the orbital parastate, by picking out only the expectation value (a~k' av 1 k) in which k'-k is equal to a given q. Furthermore we consider only the terms including the orbital quantity with the assumption made in I. Then the Hamiltonian for the three-fold degenerate bands is written as 
I.
We first consider the ferro-ordering with q = 0. The eigenvalue is easily 
We can easily show that Eqs. (2·4) and (2·5) lead to 1j0"'''=ro"'''=0, in which (2·6) and (2·7) are also orbital quantities defined in I.
Next we consider the antiferro-ordering, and find the eigenvalue defined in the half zone, from the Hamiltonian (2·1) with q=Q. We 
We can easily show that the other orbital quantities rq'''' and 7Jq'''' vanish from the above unitary transform, as in the ferromagnetic case. Therefore we may proceed with the Hamiltonian (2 · 4) or (2 ·12) putting out of account these quantities. § 3. Determination of the ordering parameter and the phase diagram
In this section we calculate the free energy of the system with the three-fold degenerate bands, and, from this, obtain the value of the ordering parameter and Here p = 1/ kBT, ( is the chemical potential, and lvk is the eigenvalue obtained in § 2. For the antiferro-phase, the sum over k is performed within the half zone.
We calculate Eq. (3 · 2) by the use of the identity
with the Fermi-Dirac distribution function f, and then obtain the ordering equation from fJFjfJa'l=O and fJFjfJ(=O.
For simplicity, we confine ourselves to the absolute zero temperature and replace f appearing in these expressions by the step function. The ordering equation and the free energy are expressed in terms of the symbols:
and A= kBB~rb Sq = JUXq , :r:
Here Q(t) and -1V(t) correspond to the number of electrons occupied up to the level t and the energy of this system, respectively. sq is the ordering parameter reduced per atom, and x'l represents the exchange splitting.
(A) Ferro-phase. By the above procedure, the ordering equation is obtained as
It is to be noted that the band 3 defined in Eq. (2 · 3) has nothing to do with the ordering equation (3 · 7) . From this equation, we can see that the ordering occurs for the value of A larger than (3·9)
Here, if we define the inverse function of u=Q(t) by t=U(u), the reduced chemical potential in the para-state, 'lj<ol, is written as by the use of Eq. (3·8) with x 0 =0. From Eqs. (2·3) and (3·2), we obtain the reduced free energy F 1 =F 1 /Nil relative to the one for the para-state FP= -3 W('ll<ol) as and W(t) = W(-t) hold. By the use of these relations we can show that if the set of n, ' 17 and s0 satisfies Eqs. (3 · 7) and (3 · 8) for a given A, then the set of 3-n, -' 17 and s0 is also the solution for the same value of A, and further the values of oF for these two sets are equal. Therefore the curve of So or oFf versus n for a given A is symmetrical with respect to n = 3/2 which corresponds to '!j=O, and so we consider O<n<3/2 in the following. Since we have n>O for x 0 +'17>-1 as seen from Eq. (3·8), the region for ' 17 is then given by -1-x0 <'17<0.
We first consider the saturated case. We divide the above region for n into two cases (i) 1 <n<3/2 and (ii) O<n<l. From Eqs. (3 · 7) and (3 · 8), the largest value of s0 is obtained in the case giving the largest Q(xo+'ll) and the smallest Q( -x0 +'17) in various sets of the three arguments in Q which lead to a given n. (3 ·18) 
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--------------------------------(1+ xJ )112
and YJ(oJ is given by Eq. (3 ·10). Also, From the above equations, we can show in the same way as in a ferro-phase that the curve of sQ or c)Faf versus n for a given A is symmetrical with respect to n = 3/2. Therefore we consider O<n<3/2 which, from Eqs. (3 ·16) and (3·20), corresponds to -(1+xQ 2 r 1 '<r;<O.
We calculate the critical values of A for the occurrence of the ordering. From Eqs. (3·12), (3·13), (3·26) and (3·28), we can see that, for large "'4, the antiferro-and ferro-phases are stable in the cases 1 <n<3/2 and O<n<1, respectively. From Eqs. (3 ·13) and (3 · 28), we can obtain the relation at the phase boundary for n:S:1:
For an arbitrary A, we obtain the values of SQ and oFaf lll the following way. There are the case (i) in which the Fermi level lies within the both of the bands 1 and 3 and the case (ii) in which the Fermi level lies within only one of the bands 1 and 3. For (i) and (ii), we have O<xQ<xQ<ll and xQ>xQ(!)• respectively. Here, xQ<v is given by the following. For O<n<1, when the electron number in the band :) tends to zero, the value of 7J is given by 7Jw = -1, and, in this case, t~ is given by t" w = U(n/2) from Eq. (::3 ·16). Therefore, from
Eq. (3. 20a)' we have XQ (!) = [1-{U(n/2) }"Jl 12 • For 1<n<:)j2, when n in the band 1 tends to unity, we have t" = 0, and, in this case, we have 7J<D = U(n -1) from Eq. (3 ·16). Therefore, from Fig. 1 , we have xQ <v = -7J< 1 l = -U(n-1). For the convenience of the computation for the case (i), we give a value of r; between r;<ol>r;>r;<1l, where r;<oJ is given by Eq. (3·10). Then, from Eqs. (3·16) and (3 · 20a), we obtain U( {n-Q(r;)} /2) =-(r; 2 -xQ 2 ) 112 and so can find the value of xQ from this. Next, we obtain the values of k, y and ¢ by substituting the above values for r; and xQ into Eqs. (3 ·18) and (3 ·19 and so r;=U(n-1) from Eq. (3·16). Therefore 7J is independent of xQ and this is the reason why we have given the value of xQ rather than 7J for the case (ii). Next, we obtain y=l, ¢=n/2 and k=(1+xQ 2 ) -112 from Eqs. (3·18) and (3·19). Then we can follow the above procedure.
In this way, we have obtained the values of s and oF for a value of A in the ferro-and antiferro-states, and the result is shown in Fig. 2 . The values of the elliptic integrals, which appear in the computation, have been adopted from <3/2, the antiferro-state rather than the ferro-states is stable for the value of A larger than its critical value, differing from the case of the spin ordering. n
We can obtain the result for the degenerate two band case, if we put out of consideration the bands 3 and 4 which do not suffer the modification due to the electron interaction. First, the ordering equation and the phase diagram are shown to be symmetrical with respect to n = 1 in a similar way to in the three band case. Therefore, we need only to consider O<n<L The result for this region is as follows:
The critical value of A for the occurrence of the ordering is given by Eqs. (3 · 9) and (3 · 22) with the second order transition for the both phases, where -r;<o) is now given by n = 2Q ( lj( 0 )). The saturation of the ferro-ordering occurs for the value of A larger than {1 + U(n)} /2n and the saturation value is given by s0 =n.
For the antiferro-ordering, sQ tends to n when A tends to infinity. We have obtained the phase diagram from the comparison between oFf and oFaf· The result shows that, for large A, the antiferro-phase is stable only in the neighborhood of n = 1 with a phase diagram similar to that for spins in the one band by Penn.n § 4.
Conclusion and discussion
For the three-fold degenerate bands, we have obtained the expressiOns for the energies of the system in the orbital ferro-and antiferro-states together with the magnetic ordering parameter which relates to only the exchange parameter in the electron interaction. From this, we have obtained the results that the energy of the system is independent of the direction of the magnetic moment,
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and by the numerical calculation, we have found that the antiferro-state rather than the ferro-state is stable for 1 <n<:;;,2. These results are both different from the orbital situation in the doubly degenerate bands which leads to the phase diagram similar to that in the one band model for spins.
We have found the maximum value of Sq to be n and 1 for O<n~<1 and 1 <n~3/2, respectively, for the both types of orderings. We now discuss the physical meaning for this by considering the three fold degenerate we can show that the maximum value of ll,l within the space constituted by the linear combination of the above atomic functions in the P-or t 29-states is equal to h. Therefore, from Eq. (4·1), sq=n and sq=1 mean that all electrons and the 1/n part of these occupy the state with ll,l = h around the lattice sites to which they belong, respectively. In the latter case, the other electrons do not contribute to the angular momentum. Thus, the maximum value obtained for sq is seen to be physically reasonable.
Recently the ordering for rQ' 1 has been found for the ferromagnet K 2 CuF4 5 ) by means of the polarized neutron diffraction technique. 8 > For ·this substance, the ground state of the Cu2+ ions consists of a linear combination of the d ( e 9 ) -states.
The orbital magnetic moment can then not occur because of the vanishing matrix element of the angular momentum between these states, although the ordering for a exist. In this case a and rare physically equivalent with only the apparent difference due to the choice of the basic functions used in the representation.
